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Competition between chaos and order: Mixing and segregation in a spherical tumbler

J. F. Gilchrist and J. M. Ottino
Department of Chemical Engineering, Northwestern University, Evanston, Illinois 60208, USA

~Received 7 July 2003; published 24 December 2003!

We investigate the competition between granular mixing and segregation in a sphere rotating and rocking on
two orthogonal axes. Operation corresponds to the continuous-flow regime and the flow within the sphere is
three-dimensional and time-periodic. Experimental results are organized in a frequency/amplitude phase dia-
gram showing modes of segregation~band formation/no axial bands!; segregated bands are remarkably robust
and survive rocking amplitudes as large as 60 degrees over a wide range of frequencies. Details differ, but the
phenomenon occurs under both dry and slurry conditions, that is, when all air is replaced by a liquid. Experi-
mental space-time plots of the stationary segregated patterns agree well with Poincare´ maps obtained using a
continuum model of the flow, suggesting that the final segregation patterns are relatively independent of
materials tumbled.

DOI: 10.1103/PhysRevE.68.061303 PACS number~s!: 45.70.Mg, 45.70.Q j
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I. INTRODUCTION

Much fundamental research has been carried out in
field of granular material in the past few years and signific
progress has been made@1,2#. However, several importan
questions remain. Foremost among these is the develop
of theory to describe mixing in three-dimensional~3D!
flows; another is segregation and its interplay with mixing
is well known that the flow of binary mixtures of granula
materials almost invariably leads to unmixing or segregati
The effect is triggered by differences in particles’ sizeS
systems! or density (D systems!. Segregation is crucially
important in many industries and natural processes, how
we are far from being able to predict segregation pattern
simple systems with 3D flow.

A few manifestations of mixing and segregation, such
radial and axial segregation, have become prototypical
studied extensively@3#. In most of the studies of radial seg
regation, the flow is quasi-2D; in axial segregation the fl
is primarily 2D in the cross section of the cylinder with
much weaker axial flow set by the segregation itself. F
instance, Ziket al. @4# studied axial segregation in containe
with periodically modulated walls; the regime consider
was discrete avalanches. These authors observed that sm
beads form bands in the ‘‘bellies’’ and large beads in
necks. Unquestionably the prevalent flows in practice are
flows. However, there are few fundamental studies of mix
and segregation corresponding to full 3D flows. Knowled
is fragmentary. Experiments involving mixing and rocking
cylinders suggest that rocking is an effective mechanism
enhance mixing@5#. However, this hypothesis has not be
tested thoroughly.

Here we present a study of mixing and segregation i
spherical tumbler capable of undergoing independent p
grammed motions in two orthogonal directions~Fig. 1!. The
spherical geometry presents a clear advantage from a t
retical viewpoint: the boundary between the granular me
and air is always a circle regardless of the forcing~we as-
sume that the forcing is such that the interface remains
that is, the system operates in the continuous-flow regi
our experiments correspond to this regime as well!.
1063-651X/2003/68~6!/061303~6!/$20.00 68 0613
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The preferred mode of segregation in a rotated sphere
single axial band. In an attempt to understand the pertu
tions necessary to break axial bands, we found that ban
is surprisingly robust, surviving rocking amplitudes as hi
as 60 degrees. We demonstrate that the existence of va
segregation patterns in the rocking sphere is a direct resu
the stability of the underlying flow. These patterns align w
invariant regions of the flow as predicted by a simple co
tinuum model that describes advection in the absence of
fusion and segregation. This report is structured as follo
Section II describes the experimental method, and comp
tional aspects are described in Sec. III. The results are
sented in Sec. IV; a subsection in Sec. IV describes preli
nary results for slurries. Following a discussion in Sec. V, o
conclusions are summarized in Sec. VI.

II. EXPERIMENTAL METHODS

The experimental apparatus used in this study consist
a clear acrylic spherical container with radiusR570 mm
held and rotated on one axis (A1) and capable of undergoin
rocking about an orthogonal axis (A2) @see Fig. 1~a!#. In the
dry experiments reported here, the tumbler is half full w
glass beads~Quackenbush!, 1

3 of which are 0.8 mm~fluores-
cent! and 2

3 are 2.0 mm~black! diam, respectively. We have
also performed experiments with different dry granular m
tures, bead ratios, and tumblers sizes and found that the
sults presented here are also generally represented in
other cases. A few caveats should be mentioned as w
These results focus on a half-full sphere. It is clear, based
results obtained in cylinders and quasi-2D geometries,
changing the fill level can lead to unmixed invariant region
The effects of filling, however, are not considered here.
also report a few representative results of experiments c
ducted under slurry conditions, where all the air in the co
tainer is replaced by either water or a 67% NaI solutio
These systems consist of particles differing in both size
density.

Figures 1~b! and 1~c! illustrate the rotation protocol and
coordinate system. AxesA1 and A2 are rotated using
computer-driven stepper motors~Compumotor!. The first
©2003 The American Physical Society03-1
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FIG. 1. ~Color online! Apparatus, rocking protocol, and coordinate system.~a! Two independent axes,A1 andA2, rotate a spherica
tumbler. ~b! Depiction of the rocking protocol; the sphere rotates aboutA1 at constant angular velocity and aboutA2 sinusoidally.~c!
Coordinates relative to the flow~red! and to the lab~black!. g is the instantaneous rocking angle andb is the angle between the direction o
flow andA2. Streamlines in different directions cross at different times, producing chaotic advection within the mixer.~d! When the mixer
is rotating on an angle, a region exists where streamlines do not intersect the free surface and material rotates as a solid body witho
.
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motor rotates the sphere onA1 at a constant angular velocity
The second produces sinusoidal motion onA2, where the
rocking angle is defined asg5A sin(2pft). Rocking is
scaled by the constant angular velocity onA1, f 5f/v and
t5u/(2pv), such thatg5A sin(fu). This simplifies the re-
lationship between rocking and rotation. Forf 51, one rock-
ing cycle is completed after one full rotation onA1. The
amount of rotation onA1 is denotedu; thusu52p/ f corre-
sponds to one full cycle. This scaling is such that atf 51 one
rocking cycle occurs for every full revolution onA1. The
parametersv, A, and f are chosen such that the flow
always in the continuous-flow regime where the free surf
is flat and free of instabilities~v55 rpm dry,v53 rpm under
slurry conditions; 0.2, f ,2 and 0<A<70°). The same
general phenomena presented here occur for different r
tion rates within the rolling regime.

A typical experiment starts with the material initially we
mixed. This is accomplished~approximately! by using erratic
tumbler motions. It is manifestly impossible to produceex-
actly the same initial condition twice. Therefore, every e
periment is repeated at least twice—and as many as 20 ti
All reported results are robust. The main limitation of all t
experiments reported here is that we are able to report
what occurs at the boundary of the tumbler. Images of
bottom of the tumbler are taken at the end of a cycle wh
A1 is horizontal~g50!. Ultraviolet ~uv! light is used to illu-
minate the fluorescent beads and glare is reduced using
filter in order to identify the segregated domains.

III. COMPUTATIONS

Experimental studies in tumblers indicate that flow occ
on a ‘‘fixed bed’’ that deforms plastically with a velocit
decaying exponentially with distance into the bed@6–8#.
Here we extend the continuum model presented in Khak
et al. @9#, which has been extensively tested in 2D tumbli
and 2D heap formation@10#. The model presented below
does not include segregation~how to include segregation i
indicated in@11#! and thus, strictly speaking, it applies on
to one-phase systems. While it is clear a more complica
model is necessary to describe the transient behavior of
regation, we assume that this model also applies to syst
that behave as one-phase systems once the segregatio
cesses have reached a steady state. The reason for th
sumption is discussed in the Conclusions.

Coordinates are based on the free surface of the mate
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which is assumed flat@Fig. 1~c!#. Thex axis always points in
the flow direction, which changes as a function of time, they
axis is normal to the free surface, and thez axis is orthogonal
to the x–y plane~the origin is at the center of the sphere!.
The instantaneous surface velocity at the fluid-granular m
dia interface is proportional to the flow distance, i.e.,L
5RA12(z/R)2 and d0 is the thickness of the layer atx
50, z50, proportional toL (d050.05R is estimated from
2D experiments! @12#. The flow region is restricted to a thin
lenslike region of formd5d0L@12(x/L)2# and the region
below this surface represents material in solid body rotati
From here on, variables are dimensionless where spatial v
ables are scaled withR and time with 1/v. The instantaneous
direction of the flow in the surface depends on the position
the surface with respect to the direction of gravity. Lab-fram
coordinates are defined asx8 ~projection ofA2), y8 ~oppo-
site to gravity!, andz8. The instantaneous angle betweenx
andx8, b, defines the direction of the flow and is given b
b5tan21@(dg/du)/cos(g)#. The equations for velocity in the
flowing layer for a simple linear shear are

vx52uLMS 11
y

d D , ~1!

vy52MxS y

d D 2

. ~2!

Here,u51/(2d0) is the average velocity atx50, z50. The
function M in Eqs. ~1! and ~2! is obtained using a mas
balance of material in and out of the flowing layer due
rocking,

M5Acos2~g!1S dg

du D 2

. ~3!

A few general observations are in order. An examinat
of the kinematics of the flow within the sphere shows th
most streamlines produced by solid body rotation inters
the flowing layer. However, a cone-shaped stream surf
exists where material within circulates without intersecti
the surface layer flow@Fig. 1~d!#. The size of this region
depends ong, and all streamlines intersect the flowing lay
wheng50. Particle paths~and Poincare´ plots! are computed
by integratingdx/dt5vx and dy/dt5vy with x5X and y
5Y at t50. As is standard in this type of calculations, co
3-2
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COMPETITION BETWEEN CHAOS AND ORDER: . . . PHYSICAL REVIEW E 68, 061303 ~2003!
lisional diffusion is not included. We remark that differe
functional forms of the velocity field.@Eqs.~1! and ~2!#, for
examplevx;y3/2, vy;xy5/2, and different functionalities for
the layer profile, e.g.,d5d0A12(x/L)2, give essentially the
same results, indicating that global aspects~i.e., the shape of
the container and forcing! control the important details of th
physics.

This model applies to any prescribed motion aboutA2.
One can consider the proposed sinusoidal rocking as a
turbation to a base case, rotation without rocking, whereA1
is always horizontal and each cross section is a simple cir
When A and f are nonzero, there is an axial component
the flow. Large values ofA and f produce flows that are
almost perpendicular to thex8 direction.

IV. OBSERVED PATTERNS

A. General observations

The phase space diagram shows that axial bands
stable for a wide range of frequencies and amplitudes~the
gray region in Fig. 2!. Rotation on a single axis (A50°)
produces a stable single band in the center of the sphere

0 0.5 1 1.5 2
0
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40
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f

A
 (

de
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ee
s)

Axial
Band

Spots/
No Band

Spots/
No Band

Spots

FIG. 2. Experimental phase diagram with ‘‘Arnold tongues
The gray region roughly outlines where axial banding occurs. S
bility of a band is surprisingly sensitive to the frequency and a
plitude. Note regions of spots growing upward from (f ,A) of ~0.85,
30°!, ~1.2, 30°!, and~1.7, 5°! corresponding roughly to ratios of 1:2
1:3, and 1:4.
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;5 min of rotation at 5 rpm@Fig. 3~a!#. In Fig. 3, we present
the view of the bottom of the container as both single s
pictures and spatio-temporal pictures produced by extrac
the center pixels along a vertical line of each frame of dig
video. From this perspective, the bottom of the contai
rotates to the left. This combination of materials in this co
tainer never produces more than one band. We found
different materials produce multiple bands that eventua
coarsen into a single band. This band in the middle of
sphere is analogous to each band of smaller beads foun
the ‘‘bellies’’ of the axial container studied by Ziket al. @4#
We focus primarily on the long-time segregation pattern. T
sinusoidal curve seen, for example, in Fig. 3~d! is the seam
of the container adjoining the two hemispherical halv
demonstrating both the smoothness of rocking/rotation fo
ing and the continuity of the imaging. In a few cases, expe
ments have been conducted for up to 500 cycles.

At low A, 0°–10°, axial bands exist for most frequenci
of rocking. An axial band wraps around the bottom of t
granular bed and connects through the flowing layer@Fig.
3~b!#. Surprisingly, at certain frequencies,bands are stable
even when rocking angles are greater than60°. For different
parameters, the band may be very wavy or relatively strai
however within the flowing layer it always aligns roughly
the direction of flow. Also, this band is often observed clo
to the center of the flowing layer at all times~in the frame of
the flowing layer where flow is in thex direction, it is located
at or nearz50). The final pattern begins to emerge aft
;20 cycles, roughly the same amount of time as witho
rocking. The band may only contain smaller beads or h
both small and large beads~denoted as ‘‘diffuse’’!.

-
-

A

B

C

D

E

FIG. 3. ~Color online! Bottom view of experimental (A,B,D)
and computer-generated (C,E) space-time plots of bands and spo
Left are static pictures and right are spatio-temporal composite
the same experiment where a vertical line of pixels~represented by
a red line! is selected from each frame of consecutive pictur
Picture ~a! corresponds to the system without rocking. Values
( f ,A) are ~b! ~1.0, 45°!, ~c! ~1.0, 45°!, ~d! ~0.842, 45°!, and ~e!
~0.957, 45°!. In ~c!, the center trajectories are shaded for clarity.
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J. F. GILCHRIST AND J. M. OTTINO PHYSICAL REVIEW E68, 061303 ~2003!
With increasing amplitude, there is an ‘‘Arnold tongue
like region @13# originating from (f ,A)5(0.85,30°) where
the axially segregated band bifurcates into spots. Ano
tongue-like region is present at 0.85* ~3/2! and yet another a
0.85*2. When spots form, the regions may also be well s
regated with relatively sharp boundaries or diffuse ones.
spots are typically round, but in some cases they
V-shaped or four-pointed stars. Typically, they are only se
from the bottom~i.e., they only pass through the flowin
layer! twice in each rocking cycle. It is difficult to captur
images of these spots when they are located at either en
the tumbler and not at the bottom of the container. We sho
point out that highA and f ( f .2 andA.30°) leads to the
cascadingregime and that the free surface becomes S-sha
wheng'0. Also, high rocking angles (A.75°) lead to the
avalanching regime whendg/du'0. At some frequencies
there is no observable segregation pattern at the bound
of the container; all small beads segregate to the center o
granular bed. All observed patterns produced from sinuso
rocking have a translation/rotation symmetry such that e
half-cycle has the same pattern as the previous half-c
rotated 180° in thex8-z8 plane.

B. Underlying mixing

The flow is 3D and time-periodic, making visualizatio
difficult. In order to capture the quasiperiodic trajectories,
define a surface Poincare´ map as follows. Consider a numbe
of points close to the bounding surface of the containerr
50.95), then convect the points for 200 cycles and plot th
locations at the end of each cycle. As points pass through
flowing layer, they return to the same hemispherical surfa
Chaotic trajectories typically stay close, but are not bound
this surface. This reduces the picture roughly to two dim
sions, the physical analogy being similar to capturing
structure in layers, as in the peeling of an onion. Figures 3~c!
and 3~e! show bottom views of this hemisphere construc
in the above manner. Spatio-temporal pictures, constru
using the midsection of the Poincare´ plots, as indicated in
Fig. 3, capture the dynamics of the map over one en
cycle.

The behavior of the simulated system in the amplitu
frequency plane is rich. Examples are shown in Figs. 3~c!,
3~e!, 4~b!, and 5~e!. At low amplitude (A) and low frequency
( f ), quasiperiodic trajectories are prevalent. At highA and
high f , essentially all particle trajectories are chaotic with
very small amount of trajectories trapped within regu
regions—areas of poor mixing located around elliptical pe
odic points. The behavior between these two states is c
plex. At certain parameters, elliptic~centers of regular re
gions! or hyperbolic periodic points~regions of high
stretching! dominate mixing. Even at highA, there are fre-
quencies where quasiperiodic orbits exist in the middle of
sphere, suggesting material transport between hemisphe
weak. All maps show 180° rotational symmetry.

C. Bifurcation from a band to spots

Consider now the narrow range of frequencies in
phase diagram where the band bifurcates into spots and
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into bands~the magnified region of Fig. 2!. In Fig. 4, this
bifurcation is investigated closer by creating success
spatio-temporal plots of the patterns at frequencies 0.
< f <0.856. The band appears to ‘‘pinch-off’’ at distinc
times in the rocking cycle. After pinch-off, the spots contra
At yet slightly higher frequencies, the spots stretch out ba
into bands. Interestingly, these spots are at the same loca
within the cycle where the bands originally pinched-off
lower frequencies. Graphing the intensity of smaller bea
throughout a cycle demonstrates this phase shift@Fig. 4~c!#.
The bands initially break in the cycle wheng50. The spots,
originally located atdg/du50, migrate to this part of the
cycle wheng50. It should be noted that this pinch-off isnot

0 π/f 2π/f

In
te

ns
it

y

θ

BA

C

FIG. 4. ~Color online! Band to spots and back to bands. Expe
mental space-time plots~a! show a clear bifurcation over a narrow
range of frequencies (0.824< f <0.856) as does the Poincare´ space-
time plots @~b!, 0.953, f ,0.968]. The computations show quas
periodic trajectories that are disrupted by the emergence of
hyperbolic points that separate and merge with neighboring po
~c! the intensity of the topmost experimental space-time plot~black!
and spots~gray, f 50.852) demonstrates the phase shift during t
bifurcation.
3-4
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COMPETITION BETWEEN CHAOS AND ORDER: . . . PHYSICAL REVIEW E 68, 061303 ~2003!
a dynamic process, as each of these pictures is thefinal seg-
regation pattern after many rocking cycles in separate exp
ments.

Computations—placed alongside the experimental p
tures in Fig. 4—exhibit similar phenomena over a narr
range of frequencies and mimic the phase shift seen in
experiments. The quasiperiodic trajectories become wavy
lating at one point in the cycle and necking at another. A
specific frequency, two hyperbolic points exist in the regi
where trajectories are dilating. These points drift apart as
frequency increases. Because of the periodicity of the fl
as a pair of hyperbolic points drifts apart, one approaches
hyperbolic point associated with the previous cycle and
other approaches a hyperbolic point associated with the
cycle. The hyperbolic points in each new pairing conver
They eventually annihilate each other, creating a part of
flow where quasiperiodic trajectories once again exist in
center of the map. These quasiperiodic trajectories o
again have regions where they diverge and contract as
at frequencies lower than the bifurcation, however the
gions have an apparent phase shift of 90° compared to
tures at lower frequencies, as is seen in experiments.

D. Slurry-condition experiments

A similar picture to the one described above occurs wh
the system is run under slurry conditions, i.e., when air
replaced by a liquid, completely filling the container~four
representative results, using water as the working fluid,
shown in Fig. 5!. These results are obtained using a granu
mixture with particles differing in both size and density~0.2
mm glass and 0.8 mm zirconium silicate!. This mixture seg-
regates remarkably fast in conventional axial segregation
periments in long cylinders. Figures 5~d! and 5~e! show the

FIG. 5. ~Color online! Various patterns in slurries. Space-tim
plots of axial segregation and spot formation in slurries@~a! ~1.17,
10°!, ~b! ~1.5, 10°!, ~c! ~1.67, 10°!, ~d! ~1.33, 40°!#, and a compu-
tation exhibiting the same symmetries@~e! ~1.5, 40°!#. In ~d!, re-
gions where the frame of the apparatus rotates into view are bla
out.
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agreement between the experiments and the model, wh
we stress, completely ignores the presence of the fluid.

Several experiments were carried out using as a flui
solution of NaI, in order to visualize the internal structure
the segregated structures as reported in@14# ~a saturated so-
lution of NaI at room temperature roughly matches the
fractive index of glass!. The visualization of internal struc
tures, however, is difficult. A few salient points, the result
a large number of experiments, are summarized here. In
eral, the same general behavior seen in the dry case is fo
in slurries, therefore we focus primarily on the differenc
with respect to the dry case. More bands~as many as five
bands of smaller beads! may appear. Moreover, these ba
appear faster than in the corresponding dry system~in about
10 rotations; this is consistent with the observations in@11#!.
Over time they coarsen into one or two bands. For instan
in Fig. 5~a!, a single band splits into two, where one ends a
the other continues to wrap around the granular bed. We h
also observed reverse axial banding@small beads at the end
in Fig. 5~b!#. We conjecture from a few repeated experime
that this may depend on initial conditions. In general term
the stability of banding in the presence of rocking is quali
tively similar to the dry case. Spots are stable at certain
quencies and amplitudes, and as in the dry case, show
two spots per cycle@Fig. 5~c!#. However, we have observe
up to six spots per cycle@Fig. 5~d!# corresponding to period
6 regular regions found computations@Fig. 5~e!#.

V. DISCUSSION

Axial banding is robust. When material parameters
such that axial segregation occurs, bands are hard to des
Axial bands are found at surprisingly high rocking amp
tudes, and their stability is sensitive to rocking frequency.
the same time, it is evident that there is a rough corresp
dence in final segregation pattern between the model and
experimental results. This happens seemingly independe
material parameters, even though the dryS systems consid-
ered in our experiments are, in general, significantly m
taxing from a modeling standpoint than the correspondingD
systems. The reason for the additional complexity is as
lows. In S systems, in conditions occurring typically whe
the container is slightly more that half filled, the flowin
layer may alternate between nearly 100% small particles
100% large particles. Thus, depending on the compositio
the layer, the flow may become time-periodic understeady
rotation leading to segregated structures that resemble
spokes of a wheel@7#. No such thing happens inD flows; the
flow in the layer is~nearly! steady and no additional tim
periodicity arises due to composition. This difference b
tweenS andD systems is clearly evident in the 2D expe
ments reported in@8#. Under such conditions, the prese
model does not apply and significant changes are neces

It is clear, however, that our model works well. This ma
appear unexpected, as the model does not contain seg
tion. Therefore, how can we then rationalize the agreem
between experiments and computations? There are two p
to the explanation.~i! If no significant time effects arise from
the flow composition in the layer, the system, once in ste

ed
3-5
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J. F. GILCHRIST AND J. M. OTTINO PHYSICAL REVIEW E68, 061303 ~2003!
state, behaves essentially as a single fluid and can be m
eled as such.~ii ! Segregated regions are invariant regio
i.e., segregated domains are mapped onto themselves. U
immiscible fluids, one may argue that the boundary betw
two phases has no surface tension; stresses and velocitie
continuous across the interface. Segregation, once c
pleted, has to follow the template provided by the Poinc´
map. It is also obvious that the only place where segrega
occurs is in the layer itself; it is the only place with nonze
shear rates. In fact, the layer is the only point of entry
materials into segregated domains.

The Arnold tongues observed atf 50.85 and rational mul-
tiples of this frequency suggest that frequency locking m
be responsible for the organization of bands and spots. H
ever, the model does not directly predict frequency-locki
as suggested by the experimental phase diagram. Bifu
tions in the surface Poincare´ maps are created via period
doubling. Like frequency-locking, periodic points exist in th
map when the frequencies associated with rocking and
culation are commensurate.A may be interpreted as the ma
nitude of the nonlinear terms, and increasingA increases the
range of frequencies where periodic points exist.

We also conducted several experiments using cubes
using biaxial motions of the axes~where both axes underg
the same protocol!. A full account of the results will be given
elsewhere. Given the substantial difference in the dynam
of axial segregation in long cylinders with circular an
square sections@15#, we expect very different behavior wit
respect to the sphere, and this is indeed the case. How
one general observation should be made. We stated ea
hy

he

ns

hy
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the reasons for the rough agreement between experim
and computations in the sphere. A similar comment app
here: The final structure of the segregated regions in
cube, though not the dynamics, can be largely predicted
the continuum model without invoking segregation. Co
versely, this also suggests that an observed segregation
tern can give insight into the structure of the underlying flo

VI. CONCLUSIONS

In novel experiments in a rotating-rocking sphere, sta
axial bands are found at surprisingly high rocking amp
tudes, and their stability is sensitive to rocking frequency.
constructed a phase diagram showing when axial bands
spots are stable. A simple continuum model of the underly
3D time-periodic flow predicts the general shape of the ph
diagram, along with the shape and stability of segrega
patterns in systems with different bead sizes, densities,
interstitial fluids. This pattern formation is largely indepe
dent of the material parameters. Based on these observat
predictions of mixing and segregation in more complex g
ometries may not necessarily depend on understanding
underlying mechanisms of segregation.
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